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A solution is given to the problem of heating of a thermally thin body 
with arbi[rary periodic variation of the heat traasfer coefficient and of 
the temperature of the surrounding medium. 

In m o d e r n  t e c h n o l o g y  the p r o b l e m  a r i s e s  of h e a t i n g  
b o d i e s  which  a r e  thin,  in the  t h e r m a l  s e n s e ,  with 
a r b i t r a r y  p e r i o d i c  l aws  of v a r i a t i o n  of h e a t  t r a n s f e r  
c o e f f i c i e n t  and of t e m p e r a t u r e  of the s u r r o u n d i n g  

m e d i u m .  A m a t h e m a t i c a l l y  s i m i l a r  p r o b l e m  m a y  be  
f o r m u l a t e d  thus .  

0~ ~'c 

r,=r r 

V a r i a t i o n  with t i m e  of the  hea t  t r a n s f e r  c o e f f i -  
c i en t  and the  t e m p e r a t u r e  of the  s u r r o u n d i n g  

m e d i u m .  

A thin body wi th  in i t i a l  t e m p e r a t u r e  t o is l o c a t e d  
in a h o m o g e n e o u s  m e d i u m  whose  h e a t  t r a n s f e r  co -  
e f f i c i e n t  and t e m p e r a t u r e  v a r y  with t i m e  a c c o r d i n g  to 
a r b i t r a r y  p e r i o d i c  l aws .  To d e t e r m i n e  the b o d y  t e m -  
p e r a t u r e  as  a func t ion  of t i m e ,  we r e q u i r e  to find the 

i n t e g r a l  of  the d i f f e r e n t i a l  equa t ion  

dt = k a (~) lt~ ( ~ )  - -  t (x)l d z.  (1) 

w h e r e  

k == F ~/V cV. 

The c o e f f i c i e n t  J~ a p p e a r i n g  in the p a r a m e t e r  k 
c h a r a c t e r i z e s  the  n o n u n i f o r m i t y  of t e m p e r a t u r e  d i s -  

t r i b u t i o n  in the body.  Th i s  p r o b l e m  may  be of i n t e r e s t  
in d e s i g n i n g  r e g e n e r a t o r s  f i l l ed  with thin m e t a l  r ibbon  
o r  w i r e ,  and in o t h e r  a p p l i c a t i o n s  [2]. 

The  so lu t ion  of the p r o b l e m  is  a c c o m p l i s h e d  in two 

s t a g e s .  In the f i r s t  s t a g e  we s e e k  a va lue  of the t e m -  
p e r a t u r e  of the thin body d u r i n g  the f i r s t  p e r i o d  T of  
o s c i l l a t i o n  of  h e a t  t r a n s f e r  c o e f f i c i e n t  and m e d i u m  
t e m p e r a t u r e .  F o r  th is  p u r p o s e  func t ions  c~ (v) and 
t c(T) a r e  a p p r o x i m a t e d  by s t e p w i s e  s t r a i g h t  l i n e s ,  

a s  shown in the f i g u r e .  
S ince  wi th in  each  s e c t i o n  of the a p p r o x i m a t i n g  

c u r v e  the t e m p e r a t u r e  of the m e d i u m  and the hea t  

transfer coefficient are constant, while the initial 
body temperature in each successive section is equal 
to that of the body at the end of the preceding one, we 
may write an expression for the body temperature at 
the end of any section of the approximating curve 

t (I:i) -- l i - -  [l i - -  t (1;i_,)] e x p ( - - k a i x i ) .  (2) 

F o l l o w i n g  t r a n s f o r m a t i o n  of  (2) a t  i = n, we ob ta in  
the t e m p e r a t u r e  of the body at  the end of  the f i r s t  

p e r i o d :  

t (~,) = t, [1 - -  exp ( - -  k a,~,)l x 

x exp ( - -  k [~.. (~2 - -  ~,) + a3 (T3 - -  ~-.) § ... 

... + a~(~,- -~,_ , ) ]}  + to.{ 1 -- e x p l - - k a 2  (~2-- ~l)l} X 

• exp {-- k [c~3 (~3 - -  x2) -~ ~4 (~4 - -  

- -~3)  + ... + ~ .  ( T . - - ~ . - 0 1 }  + ... 

... + t ~ {  1 - -  exp[ - -kc~ , (T , - -xn_ , ) l}  + 

+ t o e x  p { - -  k [c~,T, + c~ (T~ - -  ~ , )  + . . .  + ~, (~, - -  ~ . - , ) 1  }, 

o r  

t (T) = a + toO, 

w h e r e b <  1, s i n c e k ,  a l, a 2 . . . . .  a n, r 1 , (T 2 -  r l )  . . . . .  
(T n -- Tn_l) a r e  p o s i t i v e  q u a n t i t i e s .  

Thus ,  the body t e m p e r a t u r e  a t  the end of the f i r s t  

p e r i o d  with  the t l, t2, . . . .  tn,  a l ,  c~2 . . . . .  a n known 
in the sections is determined by its initial temperature 
t o . This same thesis may also be extended to any 
other, m-th, period of oscillation ~(T) and tc(T): 

t (7 ) . ,  = a + t (T)~_~ b. (3)  

In the s e c o n d  s t a g e  of the so lu t ion  t h e r e  is  the 
p r o b l e m  of d e t e r m i n i n g  the body t e m p e r a t u r e  at  the 
end of any p e r i o d  of  o s c i l l a t i o n  of the h e a t  t r a n s f e r  
c o e f f i c i e n t  and of the t e m p e r a t u r e  of the s u r r o u n d i n g  
m e d i u m ,  i . e . ,  e s s e n t i a l l y  at  any t i m e .  F o r  th i s  we 
u s e  the p r o p e r t i e s  of s e c o n d - o r d e r  r e c u r s i o n  r e l a -  
t ions  [1]. F r o m  ana logy  wi th  (3), the body t e m p e r a -  
t u r e  at  the end of the ( m + l ) - t h  and (m+2)- th  p e r i o d s  
wi l l  be d e t e r m i n e d ,  r e s p e c t i v e l y ,  by 

t (T)m+~ = a + t (T),~b. 

t(T),,+o. = a  +t (T )~ ,+ ,b ,  

whence  

t (T)~+z-- (1 §  + b t ( T ) , ,  = 0 .  (4) 

S ince  (4) is  the r e c i p r o c a l  equa t i on  of  a s e c o n d -  
o r d e r  r e c u r s i o n  r e l a t i o n ,  the c o r r e s p o n d i n g  c h a r a c -  
t e r i s t i c  equa t i on  
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z 2 - ( l - ~ - b ) z + b = 0  (5) 

wil l  a l l o w  u s  to f ind the  c o m m o n  t e r m  of the  s e r i e s  

e x a m i n e d  in the  f o r m  

t (T)~ = C~z~' + C~z,'#, 

w h e r e  z 1 = l ,  z z = b a r e  the  r o o t s  of the  c h a r a c t e r i s t i c  

e q u a t i o n  (5), and  C i and  C z a r e  c o n s t a n t s  d e t e r m i n e d  

f r o m  the  i n i t i a l  c o n d i t i o n s ;  we m a y  t h e n  o b t a i n  an  

e x p r e s s i o n  fo r  the  body t e m p e r a t u r e  a t  the  end  of 

any  p e r i o d  

t(T),~ = rob ~ + [a/(l + b)l (1 - -  b~). (6) 

H e r e  

b = exp { ~ k [aLtl § a2 (t2 - -  ~1) + ... + a~ (t~ -- t,,-01 }, 

a - - 1 1 [ l ~ e x p ( - - k c q ,  xl)]• 

• e x p { ~  k [ a , ( ' q - - x l )  + a~(x3 - -x~)  + ... 

. . . -b  an ('g, ~'rn__l)] } 4- t2{I  --  e x p [ - - k a z ( * ~ * 0 1 }  X 

)< exp{ - - k  Iota ( r a - -  r.z) - } -a . , ( x4 -  

- r ~ )  -t  - . .  + u ~  ( r ~  - -  * ~ - 0 1  } -;- - .-  

..- -!-G { I - - e x p [ - - k a ~ ( v . - - x . _ l ) t l .  

S ince  b < 1, in q u a s i - s t e a d y  c o n d i t i o n s  (m ~ )  the  

body  t e m p e r a t u r e  is 

t (T)~ a/ ( l  "- b). (7) 

The  s o l u t i o n  o b t a i n e d  is  s i m p l e  to u s e  and  a c c u r a t e  
f o r  th in  b o d i e s ,  if ~ (r)  and  t c ( r  ) a r e  s t e p w i s e  p e r i o d i c  
f u n c t i o n s .  F o r  o t h e r  p e r i o d i c  l a w s  of  v a r i a t i o n  of  Ce(r) 

and  to ( r ) ,  t he  a c c u r a c y  of  the  s o l u t i o n  d e p e n d s  on  how 
wel l  the  c u r v e s  a r e  a p p r o x i m a t e d  by s t e p w i s e  s t r a i g h t  

l i n e s .  

N(YFATION 

t( r)--body temperature; a(r), to( r)--heat transfer coefficient and 
temperature of surrounding medium, respectiveIy; r - t ime  ; T--period 
of oscillation of heat transfer coefficient and medium temperature; 
F, V--surface area and w~lume c~f body, respectively; 7, c-specific 
weight and thermal conductivity of material of body, respectively. 
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