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A solution is given to the problem of heating of a thermally thin body
with arbitrary periodic variation of the hear transfer coefficient and of
the temperature of the surrounding medium.

In modern technology the problem arises of heating
bodies which are thin, in the thermal sense, with
arbitrary periodic laws of variation of heat transfer
coefficient and of temperature of the surrounding
medium. A mathematically similar problem may be

formulated thus.
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Variation with time of the heat transfer coeffi-
-cient and the temperature of the surrounding
medium.

A thin body with initial temperature ty is located
in a homogeneous medium whose heat transfer co-
efficient and temperature vary with time according to
arbitrary periodic laws. To determine the body tem-
perature as a function of time, we require to find the
integral of the differential equation

dt = ka ()t (t) —f (D)]d T, (1)
where
k= Fyp/ycV,

The coefficient ¢ appearing in the parameter k
characterizes the nonuniformity of temperature dis-
tribution in the body. This problem may be of interest
in designing regenerators filled with thin metal ribbon
or wire, and in other applications [2].

The solution of the problem is accomplished in two
stages. In the first stage we seek a value of the tem-
perature of the thin body during the first period T of
oscillation of heat transfer coefficient and medium
temperature. For this purpose functions « (1) and
t o(7) are approximated by stepwise straight lines,
as shown in the figure.

Since within each section of the approximating
curve the temperature of the medium and the heat

transfer coefficient are constant, while the initial
body temperature in each successive section is equal
to that of the body at the end of the preceding one, we
may write an expression for the body temperature at
the end of any section of the approximating curve

1) =4 — [l —t(r-)]exp(— ko). (2)

Following transformation of (2) at i = n, we obtain
the temperature of the body at the end of the first
period:

Hr) =H[l —exp(—kast)] x
x exp{— klaa{te — 1)) + o3 (t3 —710) + ...
e F @ (Tr— T}l [ I —expl—kay (o — )I} X
X exp (—klog(t3 — 1) 4 a4 (13 —
— 1) s G (T — T} )
ot {1 —expl—ka, (T, — 1)) +
A leexp{—kloaT +ax(ta — 1)) + ... 2, (T, — i)l ],
or
t(T) =a + t:b,

where b < 1, since k, oy, 0g,..., ¢p, T, (Tg— T1)s ..ty
(T4 — Tp-1) are positive quantities.

Thus, the body temperature at the end of the first
period with the ty, ty, ..., tp, @ @g, ..., Oy known
in the sections is determined by its initial temperature
ty- This same thesis may also be extended to any
other, m-th, period of oscillation a(r) and tC(T):

n

t(TMp=a+t (Dm-1b. (3)

In the second stage of the solution there is the
problem of determining the body temperature at the
end of any period of oscillation of the heat transfer
coefficient and of the temperature of the surrounding
medium, i.e., essentially at any time. For this we
use the properties of second-order recursion rela-
tions [1]. From analogy with (3), the body tempera-
ture at the end of the (m+1)-th and (m+2)-th periods
will be determined, respectively, by

t(T)m-H =q-+t (T)mb,
t(T)mq-'.’. =a 4t (T)m+1 b,
whence
T — (L= ) Mg + b1 (TN =0, (4)

Since (4) is the reciprocal equation of a second-
order recursion relation, the corresponding charac-
teristic equation
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A—(14bz4+b=0 (5)

will allow us to find the common term of the series
examined in the form

HT)m = CIZT + sz;n'
where 7; = 1, z; = b are the roots of the characteristic
equation (5), and C; and C; are constants determined
from the initial conditions; we may then obtain an
expression for the body temperature at the end of
any period
H(D)p = 1™ + la/(1 + B)] (1 — b™). (6)

Here

b=exp{—klat +alta—n) + ... +a, (v, — i}l ),
a =1l —exp(—ka, 1)]X
xexpl— klag(ts—1) + ay(t3—T2) + ...
o g (T, —Ta )] F 2 {1 —expl—kay (1, ~ 1)1} X
Xexp!—Rrlus(t; —1,) +as(1s—
= Ta) e A (T T

by ] exp = Ry (5, — ta )l
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Since b < 1, in guasi-steady conditions {(m — ) the
body temperature is

HT)w  al(l 4 b). (7)

The solution obtained is simple to use and accurate
for thin bodies, if & (7) and t.(7) are stepwise periodic
functions. For other periodic laws of variation of o (1)
and t.(7), the accuracy of the solution depends on how
well the curves are approximated by stepwise straight
lines.

NOTATION

t(1)~body temperature; a(7), t.(7)—heat transfer coefficient and
temperature of surrounding medium, respectively; r—time; T —period
of oscillation of heat transfer coefficient and medium temperature;
F,V—surface area and volume of body, respectively; 7, c—specific
welight and thermal conductivity of material of body, respectively.
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